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Abstract. We introduce tangent cones of subsets of cartesian powers of a real closed 
field, generalising the notion of the classical tangent cones of subsets of Euclidean space. We 
then study the impact of non-archimedean stratifications (t-stratifications) on these tangent 
cones. Our main result is that a t-stratification induces stratifications of the same nature 
on the tangent cones of a definable set. As a consequence, we show that the archimedean 
counterpart of a t-stratification induces Whitney stratifications on the tangent cones of a 
semi-algebraic set. The latter statement is achieved by working with the natural valuative 
structure of non-standard models of the real field. 

Keywords. Tangent cones, T-stratifications, Whitney stratifications, non-archimedean real 
closed (valued) fields. 


0. Introduction 

Tangent cones and regular stratifications are employed in the study of the local geometry of sets. 
Tangent cones generalise the tangent spaces to singular points and stratifications are (usually) 
partitions with adequate smoothness properties and conditions on how the pieces £t together 
(regularity conditions). Examples of regular stratifications are Whitney stratifications in the real 
Euclidean space. 

In the present work we are firstly interested in a generalisation of tangent cones. We define the 
tangent cone of any subset of the cartesian product of a real closed Held, which is a straightforward 
translation of the classical definition of the tangent cone of a subset of K". By focusing on the case 
of the real closed field being non-archimedean, we introduce a valuation-theoretic setting and we 
study tangent cones of subsets defined in this valuative structure. Secondly, we are interested in 
regular stratifications in this valued field setting. I. Halupczok introduced t-stratifications in 0, a 
notion of non-archimedean stratifications in Henselian valued fields of equi-characteristic 0, and this 
is the notion we work with in this paper. Our aim is to study the impact of these stratifications 
on tangent cones, adding another application of these novel stratifications (see [5] for previous 
applications). 

If i? is a non-archimedean real closed field (e.g. a non-principal ultrapower of K) and V is 
a proper convex valuation ring of R (e.g. the set of finite numbers in R), we regard R as an 
Cv ■= Cor U {V}—structure, where Cor is the language of ordered rings and V is a unary predicate 
obviously interpreted. Our main result is the following. 

Theorem 0.1. Let X he an Cv-definable subset of R^ and {Si)i a t-stratification of X. Then 
{Si)i induees a t-stratification on the tangent cone Cp(X) of X at the point p. 

The conclusion means that if we define the sets Cp^ := Cp{Sf) and Cp^i+i := Cp(S'o U • ■ • U 
S'i+i) \ Cp{So U • • ■ U S'i) for 0 < i < n, then the partition {Cp^i)i is a t-stratification of Cp(X). The 
definition of these specific strata for Cp(X) is natural. 
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For the proof of this theorem we make use of a description of Cp{X) via £y-definable differ¬ 
entiable curves, available whenever X is £i/-definable itself (Proposition [131) • This description is 
obtained from results of L. van den Dries and A. Lewenberg in [3] and [2] on real closed fields 
equipped with a proper convex valuation ring closed under all 0-definable continuous functions 
(T-convexity). 

We also explore the implications of Theorem 10.11 on classical tangent cones in K. For this we 
fix a non-standard model *]R of R as our non-archimedean real closed field and then we say that 
a semi-algebraic partition {Si)i of R" is an archimedean t-stratification of A C R” if is a 

t-stratification of *X. Note that by a result in [6], any archimedean t-stratification is a Whitney 
stratification. We obtain the following. 

Theorem 0.2. Let X he a semi-algebric subset o/R” and {Si)i be an archimedean t-stratification 
of X . Then {Si)i induces an archimedean t-stratifications on the tangent cone Cp{X) of X atp. 

The meaning of inducing an archimedean t-stratification is parallel to the one of inducing a 
t-stratification. It then also follows that an archimedean t-stratification induces Whitney strat¬ 
ifications on tangent cones. This contrasts with the case of Whitney stratifications as they are 
known to not be enough to induce Whitney stratifications on tangent cones (see Example 13.71) . 

The paper is organised as follows. In Section I we fix the setting for most of the paper, followed 
by the dehnition of tangent cones. In the second part of such section we prove the description of 
Cp{X) via definable curves mentioned earlier. Section 2 starts by introducing t-stratifications and 
related concepts. Then we prove Proposition 12.51 which is a strong statement about the relation 
of sets and their tangent cones. In Subsection 2.3 we prove Theorem lO.il Section 3 contains our 
results on classical tangent cones. The paper ends with a discussion on generalisations of our main 
results to a wider family of definable sets. 

Acknowledgements. The present work has been supported by scholarships from CONACYT 
and DGRI-SEP. It is part of the author’s PhD project at the University of Leeds under the 
supervision of Dr Immanuel Halupczok and Prof Dugald Macpherson, to whom the author is 
greatly indebted. 

1. Tangent cones in real closed (valned) fields 

Before discussing and presenting our definition of tangent cones in real closed fields, we discuss 
the general setting for most of this paper. By Cor we denote the language of ordered rings, 
(-I-, —, •, 0,1, <). A real closed field R is naturally seen as an £or-structure, but when R is non- 
archimedean, it is also natural to consider i? as a valued field and modify the language accordingly. 
Specifically, if R is non-archimedean and U is a proper convex valuation ring of R (e.g. the set 
{x G R \ 3N G N{—N < X < N)} of finite numbers in R), we regard R as an £y-structure, where 
Cv ■= £orU{U} and the unary predicate V is interpreted in the obvious way. By a definable set of 
R we mean an £y-definable subset X of i?" (for some n > 0) where we allow arbitrary parameters 
from R. Let us further mention that as an Dystructure, R is weakly o-minimal, i.e. any definable 
subset of i? is a finite union of convex definable sets. 

We fix some more notation. By F and R we denote respectively the value group and the residue 
field of R. Then F is a divisible group (and is isomorphic to R^ /IJ{V), where ht{V) is the set of 
units of V) and R is real closed. We let z; : i? —Foo denote the valuation map on R and we 
consider its multi-dimensional version given by v{ai, ..., a„) := min{z;(ai),..., v{an)} on i?". The 
residue map is denoted by res : R —> R. R has a natural definable norm taking values in i?>o, 
and we use 11-11^ to denote it. That U, the valuation ring of R, is a convex set in R implies that 
the topology defined by the valuation (the valuative topology) and the one induce by this norm 
coincide; we use this fact freely. 
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Now we introduce tangent cones in R. Following the classical work of H. Whitney [5] , in C" 
the tangent cone of a set X at a point p C C" is defined to be the union of all the limiting secant 
lines to X at p. This definition makes full sense for subsets of K" but loses the tight relation with 
the local geometry of the set. This can be seen in the cusp curve, the set defined by =0 in 

At 0, it has only one limiting secant line, the horizontal axis, so this line would be its tangent 
cone. Clearly the negative part of the axis conveys little information about the set. In order to 
recover the tighter relation of the tangent cone with the local geometry of the set, it is customary 
to define the tangent cone as the union of all the limiting secant rays to X at p. A ray is a set 
of points of the form tx, with fixed unitary x € i?" (the direction of the ray) and t ranging in 
[0,oo). The propriety of such definition is exemplified by the applications of these tangent cones, 
see e.g. [S] and [1] on matching prescribed tangent cones to algebraic subsets of R”. This is the 
definition of tangent cones that we generalise for subsets of R^. Notice that this definition applies 
also in the case of archimedean R. 

Definition 1.1. Let X C i?" and p G i?". We define the tangent cone of X at p to be the set 

Cp{X) := {y S i?" I there exist sequences (x^) C X and (a^) C i?>o, 
such that lim x„ = p and lim aJxu, — p) = y}- 

fj,—¥oo 

The following are immediate properties of tangent cones. 

Proposition 1.2. Let X,Y C i?” and p G i?". Then the following holds. 

(i) ifXCY, CpiX)CCp{Y); 

(ii) Cp(AUT) =Cp(X)UCp(y); 

(Hi) Cp{X n T) C Cp{X) riCp{Y), and the strict relation may hold; 

(iv) Cp{X) is a closed set; 

(v) if X is definable (with parameters), Cp{X) is definable (over the same parameters plus p). 
Item (vii) is an obvious consequence of the following alternative definition of the tangent cone: 

Cp{X) = {y G i?” I Ve € i?>o3x G X3a G i?>o(||x — p||^ < e 

& ||a(x-p) -yll^ < e)}. 

Remark 1.3. We can also give a valuative definition of Cp{X). 

Cp{X) = {y G i?" I VA G Tdx G X3a G i?>o(f)(x — p) > X 

& v(a(x — p) — y) > A}. 


1.1. Description of Cp(X) via curves 

We aim to present a description of the elements of Cp(X) when X is an £y-definable subset of i?" 
using £y-definable curves. 

We first discuss the case of the classical tangent cones as motivation. Suppose that X is a 
semi-algebraic subset of R". The tangent cone of X at p G R" is defined by simply replacing R 
with R in Definition o Let us denote this tangent cone by Cp(X). Notice that the valuative 
definition of tangent cones does not apply to C'p(X). Suppose that y G C'o(X). Using || • || to 
denote the usual norm on R", y/||y|| belongs to the topological closure of the semi-algebraic set 
C/(X) := {x/||x|| I X G X}. By the curve selection lemma for semi-algebraic sets (see Section 2.5 
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in m) there exists a semi-algebraic injective curve 7 : ( 0 , 1 ) — U{X) for which ^{t) —s- 2 //II 2 /II 
as t — 0+ (moreover, 7 could be assumed to be differentiable). Take 77 : (0,1) — X to be the 
definable curve for which ^{t) = r]{t)/\\r]{t)\\ for all t G (0,1). Note that y G Co{imri). 

The above argument shows that elements of Co{X) belong to the tangent cone (at 0) of definable 
(i.e. semi-algebraic) curves in X. By definable curve in X we mean a definable injective curve rj 
with image contained in X. We will frequently refer to the image of such 77 as the curve itself, so 
the function and its image set will be interchangeable. Let us summarise and enhance the previous 
facts. 


Proposition 1.4. Let X be a semi-algehraie subset o/M” and p G M". Then for y G Cp{X), there 
exists a semi-algebraic differentiable curve 77 : (0,e:) —> X such that lim(_,.Q+ 77 (f) = p and 


lim 77 '(f) 
(->■ 0 + 


lim 

t^o+ * 


= y- 


Proof. We only need to reparametrise the curve 77 described earlier, if needed. 


Remark 1.5. This new description of Cp{X) provides the freedom of choosing suitable sequences 
in the first definition of the tangent cone: for an element y G C'p(X), where X is a semi-algebraic 
subset of R" and p G R", and a sequence (r^) C R>o converging to 0, we can choose a sequence 
(xp) C X converging to p in such a way that, as p —> 00, 

rp{xp-p) — 77 . 

Now we come back to the non-archimedean setting. Our purpose for the rest of the section is 
to establish the analogous result to Proposition 11.41 for £y-definable subsets of i?”. The way to 
accomplish this is to prove an adequate curve selection lemma for such subsets. The o-minimality 
of R as an £oj.-structure entails easily such result for /lo^-definable sets. In order to obtain the 
full statement, we exploit the results of L. van den Dries and A. Lewenberg in [2] and [3] on T- 
convexity. By (2.8) in [3], P is an RCF-convex subring of R (here RCF is the theory of real closed 
field in the language /for), this is in turn a consequence of the polynomially boundedness of RCF 
(see [3] for more details). 

The next lemma is an easy consequence of Corollary 2.8 in [2]. 

Lemma 1.6. Let f : R —> i?" be a bounded Cy-definable function and a G R. Then lim f{x) 

x—¥a'^ 

exists in R^. 

Proof. For a function as in the hypotheses, there exists a finite partition {Ci)i<ra of R such that: 

• every Ci is an £y-definable convex subset; 

• for any i <m, there exists an /for-definable function fi : R —> RJ^ for which fi\ci = f\Ci- 

Using the o-minimality of R in the language Cor we can assume that fi\ci is continuous (and 
strictly monotonic, as required in the proof of the next proposition). Thus, the limit of / when 
X —>■ a+ is the limit of fi\ci when x —>■ a+, which exists in {R U {ioo})". Since / is bounded, we 
can ensure that lim /(x) G i?". ■ 

X—>-a+ 

Proposition 1.7. {Curve selection lemma for {R, V)). Assume X is an Cy-definable subset of RJ^ 
and X is an element of the topological closure of X. Then there exists e G i?>o and an Cy-definable 
curve 7 : (0, e) —> X such that limj_,,g+ ^{t) = x. 
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Proof. Let c be a non-zero element of R of positive valuation. By remark 2.7 in [5], the theory 
RCFconvex.c has definable skolem functions. Using the proof of the previous lemma the result 
follows as usual: consider the set 

A ■■= {{t,y) e R>o X X I IIt - y\\^ < t}. 

Then A is a definable subset of Since x is an element of the topological closure of X, for 

every t G i?>o there exists y G X such that {t, y) G A. Hence there exists a definable function 
/ : i?>o —> X such that for each t G i?>o, (t, f{t)) G A. From the proof of the previous lemma we 
deduce that there is e € i?>o such that / is continues and injective on (0,e). Set 7 to be /|(o,£)- 
Notice that in this proof we may have added c as a parameter in the definability of 7 , but this 
does not matter much in applications. I 

We are now prepared to obtain a version of the desired description of elements of Cp{X). 

Corollary 1.8. Let X C i?" be Cy-definable and fix p G i?”. If y G Cp{X), then there exists an 
Cv-definable curve Y G X such that y G CpfY). 

Proof. We could simply follow the proof we gave in the case of X C R" being a semi-algebraic 
set. For the sake of showing an interesting possible treatment of the tangent cone, we present a 
different argument. As usual, we assume p = 0. The set 

D{X) := {(x,r) € i?” X i?>o | rx G X} 

is a definable set and it reproduces Co(X) in the following sense, 

:D(X)n(i7"x{0})=Co(X)x{0}, 

where D{X) denotes the topological closure of D{X). li y G Co(X), then (?/,0) G D{X) and by 
Proposition 11.71 there is a definable curve 7 : (0,1) — D{X) for which limi_,,o+ 7 (t) = (y, 0). Let 
7 i : ( 0 , 1 ) — 5 - i?" and 72 : ( 0 , 1 ) —i?>o be the definable curves that satisfy '){t) = ( 7 i(t), 72 (t)) 
for all t G (0,1). Then the product 71 • 72 is an £y-definable curve in X and y G Co(ji ■ 72 )- B 

As immediate consequence of the result above, we present now the desired description of Cp(X). 

Proposition 1.9. Let X C R^ be Cy-definable and fix p G i?", then for y G Cp{X), there exists 
an Cv-definable differentiable curve rj : (0,e) —>■ X such that hmt_,.Q+ r](t) =p and 

lim r]'{t) = lim At)-p _ 

2. Stratifications of tangent cones 

We now introduce the second topic of this paper, stratifications in the setting of R. After defining 
the maps so-called risometries, we prove a strong result about the relation between £y-definable 
sets of R and their tangent cones (Proposition [53]), this is a prompt application of Proposition ll.91 
In the last subsection we prove that t-stratihcations induce t-stratifications on tangent cones. 

2.1. Risometries, translatability and t-stratifications 

We first introduce some model-theoretic concepts needed below. We define as the quotient 

of i?" by the equivalence relation given by v{x — y) > v(x) or x = y = 0, for x,y G i?”. The 
natural map is denoted by rv : i?" —>■ RV*-"^. RV®'^ is the set of all imaginaries defined from RV*-"^ 
(n > 0), see Definition 2.16 in [5] for more details. 
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By valuative open ball we mean a set of the form {x € i?” | v(x — a) > A} where a and A are 
fixed elements of i?” and F, respectively; such set is denoted by B{a,> A). If the inequality is 
relaxed to >, then the set is called a valuative closed ball and is denoted by B{a, > 7 ). We will 
frequently drop the adjective “valuative” when no confusion is possible. By saying “let B be a 
ball” we mean B is a, valuative ball open or closed. 

Definition 2.1. Let B be a ball in i?”. A risometry on i? is a bijection ip : B — 5 - B for which 
fv{ip{x) — ip{y)) = rv(x — y) holds for any x,y € B. 

A risometry (p is in particular an isometry, i.e. v{ip{x) — (p{y)) = v{x — y) holds for any x, y in 
the domain of tp. 

Let B C i?" be a ball and x '■ B —RV®'^ a definable map. Definition 3.1 in provides us with 
a notion of translatability of x on 5. The map x being d-translatable on B roughly means that it 
is almost invariant under translation by R, where R is a d-dimensional subspace of i?". Definable 
risometries are used to make precise this almost invariability. This version of translatability will 
not be used in this work, we use an equivalent version given by Lemma 3.7 in [B]. 

For B a ball we put B — B := {x — y \ x^y B}. If IF is a subspace of dimension d oi R , 
we say that the coordinate projection tt : i?" —> R‘^ is an exhibition of IF if, composed with the 
residue map, it induces an isomorphism between IF and R . The projection at the level of the 
residue field induced by tt is denoted by n : pT —R . The map dir : i?" \ {0} —G(i?”) takes 
any x to the subspace res(i? ■ x) oi R . We usually treat dir(a;) as a representative of res(i? • x). 

Definition 2.2. Let B, x and IF be as above and tt ; i?" —> R‘^ be an exhibition of IF. We say 
that X is W-translatable on B (with respect to tt) if there exists a definable family of risometries 
(otx '■ B —> B)x^Tr(B-B) with the following properties, for all x^x' S 'k^B — B) and z G B, 

1 - = x; 

2 . CXx ^ Oix' — Oix-\-x’‘i 

3. TT{axiz) - z) = x; 

4. dir(aa,(^) — z) GW. 

For d < n, we say that x is d-translatable on B if there exists a d-dimensional subspace IF C i?" 
and an exhibition tt of IF such that x is IF-translatable on B (with respect to tt). 

The family (ax ■ B —> B)x^t^(b-b) above is called a translator of x on i? witnessing IF- 
translatability. 

It is worth mentioning that translatability does not depend on the choice of the projection tt 
exhibiting IF, i.e. once we now x is IF-translatable on the ball B (with respect to one particular 
exhibition of IF), we can then find a family of risometries as in the definition for any given exhibition 
of IF. 

For A C i?”, XA : d?" —RV®'^ is the function given by XAix) = Q ii x G A and xi^) = 1 
otherwise. For a tuple (Aq, ..., Ai,pi+i ,..., pm) of subsets and maps into RV®‘^ we put them into 
a sigle map x ■= (xAq) ■ • ■ ^XAnPi+i, ■ ■ ■ ,Pm)- Notice that if all the subsets A^ and maps pi are 
definable, so is x- Thus we can apply the previous definitions to definable subsets and tuples of 
definable subsets and maps using this trick. 

Now we can define t-stratifications. By a definable partition of a set we mean that all the sets 
conforming the partition are definable. 

Definition 2.3. Let Bq C R" be a ball or i?". A (finite) definable partition {Si)i = (Sq, ..., S'„) 
of Bq is said to be a t-stratification of Bq if the following holds: 
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1. For all d < n, clim(lJ^-<^ Sj) < d; 

2. For each d < n and each ball i? C U ■ • • U 5'„, {Si)i is c?-translatable on B. 

li X ■ Bq —>■ RV®'^ is a dehnable map, we say that the t-stratification {Si)i of Bq reflects x 
if the following strengthening of 2 . holds. 

2’. For each d < n and each ball R C S'd U ■ • • U x) is d-translatable on B. 

By saying that {Si)i is a t-stratification of the subset A Q Bq we mean that {Si)i reflects the map 
Xa as defined before (and this applies to tuples of subsets and maps as well). 

It is worth mentioning that t-stratifications can be defined in an even more general setting, 
that is, the one of valued fields of equi-characteristic 0 (notice that R and R being real closed 
helds ensure such condition in our setting). Accordingly, from the point of view of their existence, 
it was proved by I. Halupczok in that given a formula (j){x^y) that defines a map into RV®‘^, 
there exist a finite family of formulas {tfji{z))i such that in any suitable Henselian valued field K of 
equi-characteristic 0 , is a t-stratihcation of if" reflecting the map defined by (j){x,y) on 

if". This basically means that given any finite family of definable maps and sets, one can always 
obtain a t-stratification reflecting such family and defined uniformally on all suitable fields if. The 
suitable valued fields in focus are the models of a theory T satisfying all the requirements in Section 
2.5 of [5]. In particular, T contains the theory of all Henselian valued fields of equi-characteristic 
0 in the language £Hen described in Definition 2.16 in [^. An example of such R is given in our 
setting. This is deduced from the following theorem and Example 5.1 in [5], since the latter states 
that in our setting Hypothesis 2.21 in [B] is satisfied. 

Theorem 2.4 (I. Halupczok [B]). Let C he a language containing {Cv)Hen oind T be an C-theory 
containing the theory of a real closed field in the language {Cv)Hen o,nd satisfying Hypothesis 2.21 
in m- For any C-formula (j){x) such that ((>(i?") defines a map into R\F‘^ for any R\= R, there are 
C-formulas {ipi{x))i<n such that for any i? N T, (R>i{R^))i is a t-stratification reflecting (^(i?"). 

For most of the paper we are only interested in £ = (£i/)Hen and R = the theory of a real 
closed field in the language (£v)Hen, which correspond to our setting so far. Only in Section|l]we 
discuss further possibilities of our results in more general C and R. 


2.2. Risometries between tangent cones 

During the whole of this subsection, B will denote the ball B{0, > 0) := {x € i?" | v{x) > 0}. The 
following theorem reflects a strong relation between sets and their tangent cones. The overline 
notation X denotes the topological closure of the set X. 

Proposition 2.5. Let X,Y C i?" be Cy-definable and fix p € X CiY. If there exists an Ly- 
definable risometry (p : B —> B taking X Ci B to Y Ci B and fixing p, then there exists an 
Cy-definable risometry ip on B taking Cp(X) Cl B to CpiY) n B that fixes 0. 

Proof. First we present a general construction of a risometry ip : B —> B from the risometry </?, 
then we deduce the result from this. We assume p = 0 below. 

Consider x € B and a definable curve 7 : (0,e) —S- B for which x is the limit of x{t)lt as 
t —>■ 0+. Suppose that the composition p o 7 , which is definable and, hence, can be regarded as 
an injective curve, is such that t~^g) o x(t) is bounded. By Lemma ll.61 the limit of t~^tf o jit) as 
t —0+ exists in B. We set 

:= li„ 

^ ^ t^o+ t 
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We claim that i/; : B —> B is a definable risometry. First of all, that tJ) is well defined is an 
immediate consequence of ip being, in particular, an isometry. Indeed, if ij : (0,e) —> B is another 
definable curve for which ri{t)/t converges to x, then the following equation holds for any t £ ( 0 , e). 


from which it is clear that, t~^(p o ^[t) and o r]{t) have the same limit as t — ?> 0+. To show 
that 'll) is bijective, let us consider the map ij)' built from ip~^ in the analogous way as il) was built 
from ip. For x £ B, let us pick a definable curve 7 such that converges to x as t — >■ 0+. For 

what follows we assume that (/? o 7 is already a definable curve, without loss of generality. Then 

)!)' o ip{x) =il)'( lim ) 

\t^o+ t J 


where we have used that the maps do not depend on the curve considered. Similarly, we can check 

that ip o'll)' is also the identity on B. Therefore, ip is bijective. 

Finally, we can now check that the risometric condition is satisfied by 'ip. For this we first 

highlight the following easy fact: if 0 7 ^ x is the limit of f{t) when t —>■ 0 +, with / any injective 

function, then for t > 0 sufficiently small, rv{f{t)) = rv{x). Let x,y £ X and let 7 ,'q : (0, e) —5- B 

be definable curves for which lim = x and lim = w. Then, for t sufficiently small, 

t^o+ t->-o+ 


= lim 
t->o+ 


p ^ o p o 7 (t) 


t 

lit) 


= lim 
t^o+ t 


= X, 


rv('ip(x) — Ip (y)) = rv 


polit) poq{t) 


t 


V t t 


= rv{x — y). 


Thus 'ip is a risometry. Notice, furthermore, that this construction allows us to make ip take 0 
to 0 , as p does. 

Now we deduce the result. This follows from the fact that ip is well defined: this means that if 
we consider a point y in Co(X)ni?, for the definition of i/i(x) we can certainly use a curve in X as the 
choice of this curve does not matter. Also notice that in this way 'ipiy) £ CoipiXOB)) = Co{Y)r\B. 
So the same construction goes through with the particularity that points in Co(A') n B are sent to 
elements in Cq{Y) Cl B. ■ 


2.3. T-stratifications induced on tangent cones 

Assume that (5'i)i is a t-stratification in i?". Let S<i stand for the set Uj<i 
Definition 2.6. For fixed p £ i?", the partition (Cpy)i of i?" is defined as follows. 

Cp,o = CpiSo) 

and for 0 < i < n, 

Cp,i+i = Cp(>5'<i+i) \ Cp{S<i). 

Since by definition (S'i)i is an £y-definable partition, each stratum Cpy is an £i/-definable set. 
If A is a subset of i?" and (S'i)i is a t-stratification of X, we informally say that {Si)i mduces a 
t-stratification on Cp{X) if (Cp_i)i turns out to be a t-stratification of Cp(A). 
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We now prove that t-stratifications induce t-stratifications on tangent cones. First we establish 
an auxiliary lemma, which is related to Corollary 3.22 in and will be used to guarantee the 
existence of definable translaters later. The notation stands for the code (i.e. canonical 
parameter) of the ball B in RV®'^ (see Section 2.4 in [5]). 

Lemma 2.7. Let {Si)i be a t-stratification reflecting the Cv-definable map p : i?" —> RV^'^, d < n 
and B C i?" be a ball maximal such that S<d-i fl i? = 0. If W := tspB{{Si)i, p) is exhibited by 
the projection tt : i?" —> R‘^, then there is a ^B~'-definable translater {oix)x^Tr(B-B) witnessing the 
W-translatability of {{Si)i, p) on B. 

Proof. Take Q := 7r(i?") and x : Q x RV®'^ be given by = Pid^). Also set Si^q = 

S'in7r“^((3') and Xq = xl 7 r-i(cj) for any q € Q. Since {Si)i is already a t-stratification reflecting x, all 
the hypotheses of Proposition 3.19 in [5] are satisfied. By (3) of the mentioned proposition, there 
is a compatible '~i?~'-definable family of risometries (aq,q' ■ {{Si^q)i,Xq) —^ {{^i,q)iTXq'))q,q'&Tr{B), 
respecting {{Si)i,x)- Furthemore, notice that by the choice of W and tt, {Si)i is VF—7r-pointwise 
translatable on n{B) x and Sd H {t^{B) x ^ 0, so (3’) of Proposition 3.19 in [5] holds 

too. This is, for all q,q' e ■n{B) and z C {g} x dir(ag,g/(z) — z) & W. 

For X € 'k{B — B) and z G B, let q := Tr{z) and then set ax{z) := aq^q+x{z)- This defines the 
maps {ax ■ B — > B)x^Tr(B-B)- Below we show that they satisfy the conditions (i)-(iv) of being 
a translater of {{Si)i,p) on B (see Definition 12.211 . Aftewards we show that they are risometries. 
Let X, x' G tt{B — B), z £ B and set q = tt{z). 

(i) {{Si)i,p)oax = {{Sf)i,p). 

This holds because each risometry ary respects {{Si)i,p). 

(ii) ^x' Z) ax — ax+x'' 

Following the definitions of the pertinent maps the equation is equivalent to the following 
one. 


^q+x.q+x+x' aq^q^xiz') — aq^q^x+x' {zfi 

and this follows at once from the compatibility of the maps {ary)r,r'eTv(B)- 
(hi) TT{axiz) - z) = X. 

Since aq^q+x takes the set {g} x to {g + x} x TT{aq^q+x{z)) = g + x. So 

Tr{ax{z) - z) = TT{aq^q+xiz) - z) = x. 

(iv) dir(a 2 ,( 2 ;) — z) G W, if x 0. 

Since (3’) of Proposition 3.19 in [B] holds, we have that 

<lh:{ax{z) - z) = dv[{aq^q+x{z) - z) GW. 


To check that ax is a risometry, let z,z' G B and set g = 7r(z) and q' = Tr{z') with g g'. We 
want to verify that rv{ax{z) — ax{z')) = rv{z — z'). 

Let w = aq^q'{z), so Tr{w) = g'. Since aq/y+x is a risometry, 

rv{aq>y+x{w) - aq>y+x{z')) = rv{w - z'). (1) 


We also claim that 


rv{aq^q+x{z) - aqiy+x{w)) = rv{z - w). 


( 2 ) 


The required equation follows using (1) and (2) and Lemma 2.10 in [B]. To apply such lemma 
we need to check that v{z — z') = min{{)( 2 : — w),v{w — z')} holds. Suppose it does not, then 
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v{z — w) = v{w — z') and, hence, dir( 2 : — w) = dir(ti; — z'). Since tt is an exhibition of W and 
dir( 2 ; — w) = dir (2 — aq^q'{z)) S bb we would have that q — q' = 0, a contradiction. 

Thus it only remains to prove (2). By the choice of tt, it is enough to show that both 
n{aq^q+a:iz) - Uq' ^q'+j:{w)) = tt{z - w) and dv[{aq^q+x{z) - Uq'^qi+^iw)) = dir(z - w) hold (again 
using Lemma 2.10 in [B]). Indeed, 

■n{aq^q+x{z) - aqi^qi+x{w)) = {q + x) - {q' + x) = q - q' = tt{z - w); 

and for the second equation recall that tt is an exhibition of W, so we have 

Tf{Aiv{aq^q+x{z) - O,/(w) ) = dh 7r(ag,g+x ( 2 ) - Q;q',q'+x(iu)) 

= dir7r(z — w) = 7f(dir(z — w)), 

where tt is the projection induced by tt on the residue field, hence both equations hold. ■ 

Now we prove Theorem lO.il 

Theorem 2.8. Let X he an Cy-definable subset of i?", p G i?” and suppose that {Si)i is a 
t-stratification of X. Then (Cpy)i is a t-stratification ofCp{X). 

Proof. For any subset A of i?", dim(A) is the maximal m > 0 such that there is a coordinate 
projection r : i?" —1 i?"* for which t{A) contains a ball. Also notice that for such r and A, 
T{Cp{A)) = Cp{t{A)). Take 1 < d < n — 1, then we know that dim(5'<d) < d. From these facts it 
is easy to see that dim(C'p(5'<(;)) < d. By the properties of dimension we deduce that 


dim(C'p,d) = dim{Cp{S<d) \ Cp{S<d-i)) < d, 


as required. 

For simplicity now we assume that p = 0. Fix 1 < d < n and let B := Biu, > p) be maximal 
such that B n Co.^d-i = 0 , with u G Co{Sd). We claim that {CQd)i is d-translatable on B. To 
prove this, let us fix a definable curve 7 : (0,1) —> *Sd for which ^{f)/t converges to u when 
t —>■ 0+. For every t G (0,1), set ut := 7(t) and Bt := B{ut, > p + v{t)). 

We can investigate whether {Si)i is d-translatable on the balls Bt. Assume that {Si)i is not d- 
translatable on Bt for almost all t. That d-translatability of the t-stratihcation {Si)i is a definable 
condition is a consequence of Proposition 3.19(1) in [^, so by weakly o-minimality of R we may 
assume that {Si)i is not d-translatable for all 0 < t < e, for some small e > 0. For such t we deduce 
that Bt n S<d-i yf 0- The definability of Bt fl S<d-i (taking t as a parameter), the existence 
of definable Skolem functions for RCFconvex.c and the proof of Lemma ll.61 imply that there is a 
definable curve r] such that r]{t) G Bt H Sd-i for all t in the domain of rj and lim(^o+ v(.t) = 0- 
From these conditions it follows that the quotient r]{t)/t is bounded, so by Lemma [TTBl the limit of 
r/{t)/t, when t —^ 0+, exists; let y be such limit. It is clear that y G Co^<d-i and since 



we have that y G B D Co^<d-i, a contradiction. 

Hence, it must be true that {Si)i is d-translatable on Bt for almost all t. Consider the collection 
{tspBt{Si)i}t of subspaces of There must exist a subspace Wq C for which Wq = tspBt{Si)i 
for all t sufficiently small. Consider the definable set A C F x Gd(R") given by (A, W) G E \i and 
only if there is t G i?>o such that v{t) = A and tspBt{Si)i = W. The power boundedness of R as 
an o-minimal Tor-structure implies that F is o-ininimal (Proposition 4.3 in [5]). The orthogonality 
between F and R and the o-minimality of F imply that there are Aq G F and Wq G G(;(R") such 
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that for all A > Aq, (A, Wq) C E and whenever (A, IT) € E,W = Wq- Take to £ i?>o such that 
v{to) = A; so ITo = and for all 0 < f < to, tspBt{Si)i = Wq. 

We will show that {Cp^i)i is Wo-translatable on B. Fix an exhibition tt of Wq. By Lemma [2771 
for every t G (0,to)j there is a "'-definable translater {at,x)x^-Tr(Bt-Bt) witnessing the ITo- 
translatability of {Si)i on Bt. Since being a translater of a t-stratification is expressable in a first 
order way, a compactness argument ensures that there are finitely many formulas defining all such 
translaters (these formulas take at least t as parameter). 

The next step is to define a translater {ax)x^-K{B-B) of {Cp^i)i on B witnessing Wo-translatability. 
For z £ B and t £ (0, to) set zt := ut+t{z—u). Then for any t £ (0,to), v{ut — Zt) = v{u — z)+v{t) > 
p + v{t), so Zt £ Bt] furthermore, v(t~^zt — z) = v{t~^ut — u), so t~^Zt converges to z. Let 
X £ tt{B — B), then for any t £ (0,to), at,tx{zt) £ Bt. Notice that t t~^at^tx{zt) is a definable 
mapping thanks to the fact that all the translaters (at^x)x^Tr(Bt-Bt) s-re defined by finitely many 
formulas. Thus Lemma [TBI allows us to set 

ax{z) := lim t~^at,tx{zt) 
t->o 


as a function into i?". This function is well defined, i.e. the limit does not depend intrinsically on 
the curve 1zt. To show this suppose that p : (0, to) — > Ui Bt is a curve for which p{t) £ Bt for 
all t £ (0,to)- Since each risometry ary is in particular an isometry, the following equation holds 
for every t £ (0, to), 


(oit,tx{zt) at,txOp{t)\ f Zt p{t)\ 

[—t -^j=nT-— 


it is, then, clear that t ^at,tx{zt) and t ^at^tx{v(t)) have the same limit when t —>■ 0^. 
A quick calculation shows that ax{z) £ B and for z, z' £ B the equations 

rv(axiz) - ax{z')) = rv(t~'^at,tx{zt) - t~'^atpx{z[)) 

= rv{t~^Zt — t~^z[) = rv{z — z'), 


exhibit that Ux satisfies the risometric condition. 

Moreover, consider repeating the construction of ax with the translaters 
{oi^l.)x^T:(Bn-Br,)- This gives us a map (ix '■ B — 5 , B. That the construction provides a well defined 
map implies that, \i z £ B, 

Px oax{z) = /3xijimt~^at,tx(zt)) = limt~^a^ l^{at,txizt)) = z. 

Similarly one shows that ax o Px is the identity on B as well. Thus the maps ax ■ B — > B are 
risometries. 

We now show that the family of risometries [ax)x^-K{B-B) satisfy the required properties of a 
translater of {Ci)i on B. Let z £ B, x,x' £ Tr{B — B) and pick a definable curve t ^ zt £ Bt such 
that t~^zt converges to 2 : when f —>• 0+. 

(i) z £ Cd 'E and only if ax{z) £ Cd. 

Suppose that z £ Cd. Since the function ax is well defined, the curve t y- zt can be supposed 
to being taken inside Sd. So, for x £ tt(B - B), at,tx{zt) £ Sd, as (at.x)xG 7 i-(B„-B„) is 
a translater of (S'i)i. Thus ax(z), being the limit of W^at^txizt), is in Cd. The converse 
statement follows similarly. 

(ii) o^x ax' = ax+x'• 

Using that the maps ax are well defined, 

axoax'iz) = \im.t~^at,txiat,tx’izt)) = lim at,tx ° at,tx’izt) 

= ll^t~^at,t{x+x'){Zn) = ax+x'{z). 
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(iii) Tr{ax{z) - z) = x. 

We can see that, 

■n{ax{z) - z) = TT - t~^Zi^ 

= \\T[vt~^TT{at,tx{zt) - zt) = limt“^(ta;) = x. 
t—>o t—^o 

(iv) dir{ax{z) - z) € Wq. 

Notice that for t sufficiently small it holds that, 

dir(aa;(z) - z) = diT{t~^at,txizt) - t~'^Zt) 

= dh:{at^tx{zt) - Zt) € Wq. 

This finishes the proof of (pix)x^Tr(B-B) being a translater of {Ci)i on B witnessing ITo- 
translatability. Thus, {Ci)i is d-translatable on B. ■ 

3. Classical tangent cones and archimedean t-stratifications 

We now turn our attention to classical tangent cones and the archimedean couterpart of t-stratifi- 
cations. We remind the reader that by classical tangent cones we mean tangent cones in Euclidean 
space. The real field R is considered as a structure in the language Cor- The £or-definable subsets 
of K." are exactly the semi-algebraic sets. 

In order to transfer some of our previous results to R", we let i? be a non-standard model of R. 
Let *R be a non-principal ultrapower of R (ensuring Hi—saturation). We keep roughly the same 
notation as for R and, accordingly, we focus on the valuative structure of *R in the language Cv- 
In this case we can concretely make E = {a: € *R | 3N € 'H{—N < x < N)}. 

For a subset X of R", *X denotes its non-standard version in *R". For x G R" we identify it 
with its image under the canonical embedding of R" into *R"; so *a: = a; for such a point. Finally, 
recall that we denote by || • || the usual norm on R” and we let || • H^r be the norm it induces on 
*R" (which is the same *R carries naturally as real closed field). 

We first explore some facts connected to that in Proposition 12.51 Accordingly with previous 
notation, the tangent cone of F C *R" at p G *R"' is going to be Cp{Y), meanwhile the tangent 
cone of A C R” at p G R" is Cp{X). It is worth noting that when X C R" is semi-algebraic and 
p G R", *Cp{X) = Cp{*X). The following proposition bears a similar fact. 

Proposition 3.1. Suppose that X C R” is semi-algebraic and p G R". Then, for y G R", 
y G Cpi*X) zjf 

3x G *X, a G *R>o {v{x — p) > 0 A v{a{x — p) — y) > 0). 

Proof. For simplicity, we will assume that p = 0. Let us suppose that y G R" satisfies the formula 
on the right-hand side. For any positive integer n the formula 

3x G *X,a G *R>o (||a;||.R < ^ A \\ax - p||.K < 

is true in *R (here we use that the valuation topology on *R" coincides with the topology induced 
by II • II). By the transfer principle, the formula 

3a; G A,a G R>o (||a;|| < ^ A ||aa; - y\\ < i) 


is true in R for any positive integer n. Therefore y G *C'o(A) = Cq{*X). Notice that all the steps 
in this argument are reversible. I 


Stratifications of Tangent Cones 


13 


Using this result and Proposition 12.51 we prove a relation between tangent cones. Recall the 
notation X stands for the topological closure of X. In the following proposition and its proof, B 
denotes the ball {x G | v{x) > 0}. 

Proposition 3.2. Assume X,Y C R” are semi-algebraic sets, p G X r\Y and that there is a 
definable risometry p on B taking *X B to *Y O B and fixing p. Then Cp(X) = Cp{Y). 

Proof. By Proposition [2^ there is a risometry between Cp{*X) fl B and Cp{*Y) fl B. The proof is 
completed by the following claim. 

Claim. Let X,Y C M" be semi-algebraic sets and foi p G X AY. If there is a risometry on B 
taking Cp{*X) fl i? to Cp(*Y) fl B and fixing p, then Cp{X) = Cp{Y). 

Put p = 0 and let if be the risometry in the hypothesis of the claim. For x G Cq{*X) n U" with 
v{x) = 0, take r G *R>o such that rx G B. Then if{rx) G Co(*Y) and we can pick s S *R such that 
rv(s'ip(rx)) = rv(x); this is possible because rv(ip(rx)) = rv{rx), using that if is a. risometry fixing 
0. This shows that rv{Co{*X) fl U") = rv{Co{*Y) fl U"); whence C'o(X) = res(Co(*X) n U") = 
res(Co(*F) nU") = C'o(r). ■ 

Now we turn our attention to the archimedean stratifications induced by t-stratifications in *R. 

Definition 3.3. Let X be a subset of M" and suppose that {Si)i is a partition of R." into semi- 
algebraic sets. If {*Si)i is a t-stratification of *X, we say that {Si)i is an archimedean t-stratification 
of X. 

In 0 Section 7] the following was proved. 

Fact 3.4. Let X be a semi-algebraic subset o/R" and {Si)i be an archimedean t-stratification of 
X. Then {Si)i is a Whitney stratification of X. 

Whitney stratifications are an important tool in singularity theory and they can be traced back 
to the work of H. Whitney [5]. A definition of them can be found in Section 7 of [B]. 

Imitating the definition of {Cp^i)i for a t-stratification {Si)i, we define the stratification {Cp^i)i 
as follows. 

Definition 3.5. For a partition {Si)i of R" and fixed p G R", we define the partition (Cp^fii as 
Cp,o = Cp{So) and for 0 < i < n, Cp^^+i = Cp{S<i+i) \ Cp{S<i). 

Our last result, Theorem l0.2l in the introduction, is an immediate corollary of Theorem 12.81 and 
Fact EH 

Theorem 3.6. Suppose that X is a semi-algebraic subset o/R", p G R" and {Sfii is an archimedean 
t-stratification of X. Then {Cp^fii is an archimedean t-stratification of Cp{X). Particularly, {Cp^i)i 
is a Whitney stratification on Cp{X). 

This result could be phrased as archimedean t-stratifications induce archimedean t-stratifications 
and, hence, Whitney stratifications on tangent cones. 

Our last remark is that the second statement of this theorem marks a contrast between 
archimedean t-stratifications and Whitney stratifications, as it is known that Whitney stratifi¬ 
cations are not strong enough to induce Whitney stratifications on tangent cones, as the following 
example shows. 

Example 3.7. Consider the set 


A := {(I, y, z) gR^ \ x^ -y^ - = 0}. 
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The sets So ■= {0}, Si := 0, S2 ■= X \ {0} and 53 := \ X constitute a Whitney stratification 

of X. Recall that the tangent cone Co{X) is the set R.>o x {0} x {0}. Following Definition 13.51 we 
obtain the sets Cq.o = { 0 }, Co,i = 0, C' 0,2 = R>o x { 0 } x { 0 } and Co,z = \ (R>o x { 0 } x { 0 }). 

The dimension of Gq 2 is 1 and this makes impossible for (Co i)i to be a Whitney stratification of 
Co(X). 

As an example of an archimedean t-stratification, the sets Sq ■= { 0 }, := R>o x { 0 } x { 0 }, 

S2 := X\ {0} and S '3 := R^ \ (X UR>o x {0} x {0}) form an archimedean t-stratification of X (recall 
that this means that (*Si)i is a t-stratification of *X). In this case we get the sets Go,o = {0}, 
Go,i = R>o X {0} X {0}, Go,2 = 0 and Go,3 = R^ \ (R>o x {0} x {0}), and they do constitute a 
Whitney stratification of Go(^) as expected. 


4. Comments on generalising the main results 

In the classical ambit, it is known that the existence of Whitney Stratifications is not restricted to 
those of semi-algebraic subsets of R". They also exist for more generally definable subsets of R". 
The main examples of such sets are the sub-analytic sets and the sets definable after adding the 
exponential map to Cor- Perhaps the most general result on existence of Whitney stratifications 
is that they exist for any definable subset in any o-minimal expansion of (R,-I-, •, 0,1, <) (which 
includes both of the examples mentioned). This was proved by T. L. Loi in [7]. 

This line of thought suggests that our results on stratifications of tangents cones may hold in 
wider generality. Below, we first discuss a generalisation of Theorem l2.8l on induced t-stratifications 
of tangent cones. We then comment on the correspondent extension of Theorem l3.6l on archimedean 
t-stratifications and Whitney stratifications of tangent cones. All the results stated depend on the 
proof of others (as accordingly discussed). 

For the rest of this section, let £ be a language containing Cor and T an o-minimal £-theory 
containing RCF (think of sub-analytic or exponetial-definable setting). The tangent cone of a 
subset of a model of T is defined just as before. When R is non-archimedean and V is taken as 
before, t-stratifications can be defined with no further obstacle. One of the first relevant questions 
in this new setting is the existence of t-stratifications. According to Theorem 12.41 for this to be 
guaranteed we need 7~ to satisfy Hypothesis 2.21 in [5]. As a comment on the sort of problem this 
represents, one needs to show that the structure of RV is stably embedded (in every model of T), 
that T has the Jacobian property and that, roughly, t-stratifications of 1-dimensional definable sets 
exist already. Let us comment that it is informally conjectured that these conditions are satisfied 
if power boundedness of T is assumed. 

If the existence of t-stratifications in non-archimedean models of 7~ is given, we may then 
ask whether Theorem 12.81 holds. The partition (Cp,i)i is defined here identically as before for a 
t-stratification (Si)i. 

Theorem 4.1 (Assuming t-stratifications exist in models of T). Suppose that T is 
power bounded. Let R be a non-archimedean model ofR and suppose that V is a T-convex subring 
of R. If X is an CU {V}-definable subset of RJ^ and (Si)i is a t-stratification of X, then (Cp^i)i is 
a t-stratification ofCp(X). 

Proof. The description of Cp(X) via definable curves, Proposition ll.Hl is valid in this setting since all 
the results in Subsection ll.ll hold for (R, V). Actually, this is true regardless of power boundedness, 
taking into account the generality of the results in Section 2.5 of [5]. The proof of Theorem l2.8l can 
be then repeated here. The o-minimality of the value group, used at one step of the proof, comes 
from the power boundedness of T (by Proposition 4.3 in [5]). The rest of the proof fits here with 
only minor modifications. I 
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Now we discuss the case of archimedean t-stratifications and Whitney stratifications. We 
assume T is power bounded. Considering K as an /^-structure, we may wonder whether Theorem ld.61 
holds true for definable sets in this enlarged language. After Theorem 14.11 it is obvious that the 
first part of it holds true, i.e. archimedean t-stratifications induce archimedean t-stratifications on 
tangent cones. But the second part of this result needs to be proved. 

Conjectured Lemma. Let X be an £-definable subset of K." and suppose that (Si) is an 
archimedean t-stratification of X. Then {Si)i is a Whitney stratification of X. 
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